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a  b  s  t  r  a  c  t

Continuous  line  drawing  (CLD)  is a technique  used  in  the  field  of art, in  which  the  pen  does  not leave
the  paper  until  the  sketch  is completed.  In this  study,  a  novel  technique,  k-continuous  line drawing  (k-
CLD),  is proposed;  this  technique  enables  a visual  image  to comprise  k closed  non-intersecting  lines.
k-CLD  involves  the  following  challenges:  1)  partitioning  the  target  image  into  k  regions,  2)  stippling  each
region  without  distorting  the  target  image,  and  3) connecting  the  stippled  dots  in each  region  using  a
single  closed,  non-intersecting  line.  This  study  identifies  and  implements  efficient  algorithms  to produce
high-quality  k-CLDs.  Further,  an  improvement  to  the  graph-based  image  segmentation  algorithm  has
been  proposed  using  the Minkowski  distance  to evaluate  dissimilarity  difference  and  demonstrated  its
raveling salesman problem
eighted voronoi diagram

nt colony system algorithm
inkowski distance

effectiveness  to  partition  the  target  image  into  k regions.  Next,  well-spaced  stippled  dots  were  generated
in  each  region  using  a weighted  Voronoi  diagram.  Finally,  the  stippled  dots were  connected  by a  single
non-intersecting  line,  obtained  by solving  a traveling  salesman  problem  (TSP)  in  each  region.  The  meta-
heuristic  to solve  the  TSP  was an  ant  colony  system  algorithm.  The  proposed  methodologies  were  tested
on  a wide  variety  of images  to demonstrate  their  effectiveness  and  efficiency.

© 2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

Continuous line drawing (CLD) is a technique used in the field of
rt, in which images are expressed by a single line. Besides drawing
utlines, internal shapes, and sometimes shades, a pen must move
ack and forth across the surface of the paper, with lines doubling
ack on each other, so that the drawing becomes a free-flowing
nd unbroken line. Although CLD is a very powerful technique to
enerate a creative and impressive artwork, it is difficult to use for
oth beginners and human artists. In this paper, this CLD, which
roduces black-and-white sketches, is extended to develop a new
rtistic technique that can express multi-shaded and color images
nto high-quality k-continuous line drawings (k-CLDs) while pre-
erving the original image’s features and impressions.

The earliest work on single-line CLD [1] described the use of
he traveling salesman problem (TSP), which involves finding the

inimum-cost tour in a graph, to create a CLD of a target image.

ig. 1(a) shows an example CLD produced by the aforementioned
tudy [1]. Kaplan and Bosch [2] proposed a modified grid-based
ethod and presented an alternative algorithm for city distri-

∗ Corresponding author.
E-mail address: glee@pusan.ac.kr (G.M. Lee).

ttps://doi.org/10.1016/j.asoc.2017.11.035
568-4946/© 2017 Elsevier B.V. All rights reserved.
bution, called the ordered dithering algorithm [3], which yields
more attractive line drawings. Finally, they rendered the cities by
B-spline control points and a smooth curve. Fig. 1(b) shows an
example CLD with the city distribution and rendering styles pro-
duced by Kaplan and Bosch [2].

Bosch proposed a new TSP-based method, which describes the
construction of tours that wind through the cities such that certain
pairs of user-selected, city-free regions occupy one side of the tour,
while other regions occupy the opposite sides [4]. Their method
converted a black-and-white user-supplied target image into an
arrangement of dots (cities of the TSP). Finally, it constructed a
group of traveling salesman’s tours, as shown in Fig. 2 [4].

Recently, Li and Mould proposed an algorithm for constructing
CLDs using the tone and structural information obtained from tar-
get images [5]. In their method, users were required to input the
skeleton of the target image. The method then dilated the struc-
ture by spatially varying dilation parameters. Finally, it generated
CLDs by tracing the boundary of the resulting region. Fig. 3 shows
an example CLD constructed by their method [5], which is designed
to look like a decorated tree.

An image comprises multiple sets of pixels in multiple areas.

Each pixel set represents a different object. For example, a portrait
consists of the forehead, eyes, nose, lips, chin, and torus, each of
which is represented by a set of pixels. This study aims to inves-

https://doi.org/10.1016/j.asoc.2017.11.035
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2017.11.035&domain=pdf
mailto:glee@pusan.ac.kr
https://doi.org/10.1016/j.asoc.2017.11.035
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Fig. 1. Continuous line drawings (CLDs); (a) Marilyn Monroe (11508 cities) [1] and (b) David (500. cities)[2].

Fig. 2. Connecting the dots: the ins and outs of traveling salesman problem (TSP) art [4].
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Fig. 3. Designing a CLD

igate methodologies for converting an image into a k-CLD and
evise a software tool that converts a user-supplied image into an
rt image comprising k-continuous lines without losing the original
mage’s features.

The proposed methodologies are implemented by three algo-
ithms. First, we partition the target image into k segments (or
egions). Second, we stipple the target image in each segment
ith dots on a blank canvas. Finally, the dots in each segment are

onsidered as a set of cities (or nodes) that must be visited by a
raveling salesman while forming a Hamiltonian circuit. The dis-
ance between any pair of nodes is calculated using the Euclidean
istance. Experiments have confirmed that tours close to Hamilto-
ian circuits tend to be non-intersecting. These three algorithms in
he proposed methodologies convert the target image into a k-CLD.
The remainder of this study is organized as follows. The follow-
ng section introduces related literature on image segmentation,
tippling, and TSP solving. Section 3 introduces the preliminaries
nd provides detailed explanations of the proposed methodologies.
 an image skeleton [5].

Section 4 summarizes the computational results. Section 5 provides
the conclusions of the study.

2. Related work

The purpose of this study is to link optimization approaches to
a new type of artistic technique. To this end, it investigates a novel
procedure that converts a target image into a kCLD and proposes a
series of algorithms for implementing this procedure. These algo-
rithms sequentially perform image segmentation, stippling, and
TSP-solving.

Image segmentation is a fundamental problem or algorithm in
computer vision. It divides an image into several disjoint regions,
each corresponding to a meaningful part of the image. Segmen-

tation has been extensively researched over the last thirty years
and is implemented by various methods including the thresh-
old method [6], color-based segmentation, transform method [7],
and texture method [8]. Methodologies related to those of the
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Fig. 4. (a) Raccoon with details (inset) of the stroke character [17] and (b) grasshopper generated from 60,000 dots [18].
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Fig. 5. (a) Climbing shoe with 5000 dots of radius 3 × 10−3(m

resent study were proposed by Shi and Malik [9] and Felzenszwalb
nd Huttenlocher [10]. Shi and Malik treated image segmentation
s a graph partitioning problem and introduced a novel global
riterion called normalized cuts, which measures the total dis-
imilarity among different groups and the total similarity within
ach group [9]. Although normalized cuts are formulated as a
raph partitioning problem, the actual approximation is optimized
ia a non-combinatorial method. Felzenszwalb and Huttenlocher
efined a predicate method to determine whether a boundary
xists between two regions in a graph-based representation of the
mage [10]. Their algorithm is implemented in near-linear time to
he number of graph edges and is practically quick. Importantly,
heir method preserved the details in low-variability regions of the
mage while ignoring them in high-variability regions.

Stippling uses small dots to create patterns that simulate vary-
ng degrees of solidity or shading. This technique emerged when
mage printing was newly introduced to the printing industry
11]. Originally, printers mechanically applied the image halftoning
echnique, which approximated the original image with a limited
umber of intensity levels, typically black and white [12]. Today’s
rinters are more advanced and employ more automated dither-

ng algorithms that can randomize the dot patterns, create a more
atural appearance, and produce realistic images using far less ink
han fully saturated ones [13,14].

Lloyd’s algorithm finds the evenly spaced sets of points in sub-
ets of Euclidean spaces [15]. It was introduced by McCool and
iume to the computer graphics area for generating sampling point
ets [16]. Salisbury et al. [17] proposed a pen-and-ink illustration
echnique that can produce stipple illustrations when pen strokes
re replaced with dots. Fig. 4(a) shows an image of raccoon cre-
ted using the stroke characteristics of Salisbury et al.’s algorithm
17]. Deussen et al. [18] presented a stipple-drawing method that
enders polygonal models into a continuous-tone image and then

oughly places the stippled dots by a dithering algorithm applied
n the target image. After that, to settle these roughly spaced dots
o their definite position they used the Lloyd’s algorithm. Fig. 4(b)
 (b) corn plant with 20,000 dots of radius 1.5 × 10−3(m)  [19].

shows a grasshopper with 60,000 dots constructed using Deussen
et al.’s algorithm [18].

Secord presented two  non-interactive techniques that can gen-
erate stipple drawings by constructing weighted Voronoi diagrams
from grayscale images [19]. Secord’s iterative technique converts
the input images into high-quality stipple drawings by precomput-
ing the dot distributions. Fig. 5(a) and (b) show a climbing shoe and
a corn plant constructed from 5000 and 20,000 dots by Secord’s
algorithm [19], respectively.

Kim et al. [20] presented a new stippling style, in which the
stippled dots collectively follow the direction of the nearest image
feature. Their algorithm can automatically produce stippled ren-
derings from target images, following the style of professional
hedcut illustrations. They proposed a novel dot placement algo-
rithm that adapts the sizes of the stipple dots to suit the local
shapes. Fig. 6 shows two  results of Kim et al.’s algorithm [20].

As described above, there have been many efforts to express
images in various ways by using mathematical and computer
algorithms. The present study intends to propose an interesting
approach based on metaheuristic to generate art image. TSP is one
of the most famous problems in combinatorial mathematics and
has commanded considerable attention from mathematicians and
computer scientists. In graph theory, TSP identifies the most effi-
cient Hamiltonian circuit through which a traveling salesman can
visit n cities at the lowest cost. The only constraint is that the trav-
eling salesman must visit each city exactly once before returning
to the original departure city [21].

3. Preliminaries

In this section some basic concepts and methodologies related

to CLD has been presented and discussed for the readers to under-
stand the proposed k-CLD better. Fig. 7 shows how the proposed
procedures split a target image into smaller images and convert
each of them to the corresponding CLDs.
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Fig. 6. Feature-guided image stippling [20].

Fig. 7. Preliminary overview of the proposed methodologies.
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Fig. 8. Procedures of the proposed methodologies; (a) user-

Fig. 8 demonstrates these procedures intuitively. In the user-
upplied image (Fig. 8(a)), rectangular RGB pixels are assumed at
ach (x, y) coordinate. Each small blank circle in Fig. 8 represents
ne pixel. The color of each pixel is expressed as a three-integer
uple (R, G, B), where 0 ≤ R, G, B ≤ 255. Changing the RGB values
f the pixels alters the tone, color, shape, and inspiration of the
mage. Based on the differences among and changes in the RGB
alues, the image is divided into k regions (Fig. 8(b)). Note that the
ixels with similar RGB values tend to cluster in the same region. If

 considerable difference in RGB values exists between two neigh-
oring pixels, both pixels are located on the boundary. In Fig. 8(b),
ifferent regions are represented as clusters of differently colored
ircles. Note that the colored curves are imaginary; they merely
emonstrate how the image is separated into regions. Each region
n Fig. 8(b) comprises a certain number of colored circles (pixels)
etermined by the segmentation algorithm. Each region is then
tippled with colored and blank circles. This process converts a
ed image, (b) segmentation, (c) stippling, and (d) TSP tours.

portion of the colored circles in the region into blank ones with-
out losing the features and impression of the original images (see
Fig. 8(c)). The remaining pixels need to be connected via a con-
tinuous line. The tour of a line can be generated in various ways.
Although densely connected and crossed pictures are often desired,
we are interested in sparse line drawings with few line crossings.
These sparse line drawings are conjectured to be Hamiltonian cir-
cuits or good CLDs with relatively short lengths.

3.1. Image segmentation

Image segmentation is the process of partitioning an image into
multiple regions. Segmentation has been extensively researched

over the last thirty years. This study adopt and extends the graph-
based segmentation algorithm proposed by Felzenszwalb and
Huttenlocher [10]. To increase the effectiveness of the graph-based
segmentation algorithm, we  introduce the preprocessing algorithm
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Fig. 9. Crude segmentation results of the “Tom and Jerry” image.
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Fig. 10. Segmentation results of different norm p values in th

f Xu et al. [22], which sharpens the major edges by increasing the
teepness of the transition while eliminating a manageable number
f low-amplitude structures. Our additional preprocessing opera-
ion helps keep pixels having similar RGB values within a cluster.

Before introducing our improvements to the existing algorithm,
e outline the basics of the graph-based segmentation algorithm

10]. Let V be the set of pixels on an input image I. Let vi

(
xi, yi

)
e a pixel on image I, where viεV and xi and yi are the horizon-
al and vertical coordinates, respectively. The input image I can be
onsidered as a graph G = (V, E), where E is the set of undirected
orizontal or vertical edges between two neighboring pixels. The
utput is a segmentation of V into regions S = (C1, · · ·,  Cr), where
1∪ · · ·∪ Cr = V and Ci ∩ Cj = ∅ for i /= j. The dissimilarity between
eighboring pixels vi and vj is defined as a non-negative function(

vi, vj

)
given by

(
vi, vj

)
= 2

√
˛
(

R (vi) − R
(

vj

))2
+ ˇ

(
G (vi) − G

(
vj

))2
+ �

(
B (vi) − B

(
vj

))2
(1)

here R (x, y) , G (x, y) , and B (x, y) are the RGB values of pixel at
oordinate (x, y) .
kowski distance, (a) p = 0.33, (b) p = 0.5, (c) p = 2 and (d) p = 4.

Graph-based image segmentation is based on a straightforward
rule that if neighboring pixels have a good similarity, i.e., similar
RGB values, they must clustered within the same region. Starting
from a single pixel, neighboring pixels with similar RGB values are
merged into the same segmentation as the process continues.

The steps to identify the boundaries of the pre-determined num-
ber of regions (segments) are explained in the following. If the
external difference between two regions exceeds the internal dif-
ferences of both regions by �, where � is an adjustable threshold
function, the two  regions are separated by a boundary. � is defined
as;

� (C) = k/|C|, (2)

where |C| denotes the cardinality of C, and k is a user-controlled
parameter. A large k favors the larger segments.

Int (C) is the internal difference function of region C. Its value is
the maximum weight of the edges in a graph comprising region C

and a horizontal and vertical edge set E:

Int (C) = max
(vi,vj)∈ MST(C,E)

w
(
vi, vj

)
, (3)
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Fig. 11. Results of stippling methods (a) Bosch and Herman, (b) ordered dithe
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Fig. 12. Modified Lloyd’s iterative algorithm.

here MST (C, E) is the minimum spanning tree. MInt (C1, C2) is the
inimum internal difference function and is defined as

Int (C1, C2) = min (Int (C1) + � (C1) , Int (C2) + � (C2)) . (4)

The difference function Diff (C1, C2) considers the minimum
eight among all edges connecting any pair of pixels in two  regions

1 and C2, where C1, C2 ⊆ V andvi ∈ C1, vj ∈ C2. This function is
efined as

iff (C1, C2) =
{∞,  if there is no edge

min
(vi,vj)∈ E

w
(
vi, vj

)
, otherwise. (5)

Finally, the pairwise-comparison predicate function D (C1, C2) is
efined as

(C1, C2) =
{

true, if Diff (C1, C2) > MInt(C1, C2)

false, Otherwise
. (6)
This function determines the existence of a boundary between
wo regions.

Smooth boundaries in the segmented images are problematic
n our implementation. However, the basic implementation of [10]
ring, (c) Floyd–Steinberg dithering, and (d) weighted Voronoi diagram.

generates unnecessary spikes and blocks near the boundaries of
certain target images.

The present study proposes a new dissimilarity function defined
as follows:

w
(

vi, vj

)
=

(
˛|R (vi) − R

(
vj

)
|
p

+ ˇ|G (vi) − G
(

vj

)
|
p

+ � |B (vi) − B
(

vj

)
|
p
) 1

p

(7)

where R (x, y) , G (x, y) , and B (x, y) are the RGB values of the
pixel at coordinate (x,  y) . The constants �, ˇ, and � are weight
parameters that control the segmentation quality. More specifi-
cally, these weights control the color tone of the target images,
producing better segmentations and their boundaries. Excluding
those three constants, the dissimilarity function can be defined
using the Minkowski distance.

The Minkowski distance is defined as

d(xi, yj) = (
n∑

i=1

|xi − yj|p)

1/p

, (8)

where p is the p-norm.
The distance of order p between two points is called the

Minkowski distance of p (p-norm distance). In [10], the Euclidian
distance is the 2-norm distance in three-dimensional space, a gen-
eralization of the Pythagorean theorem. The 1-norm distance is the
distance between two  points in a city configured as a square block
with no one-way streets and is hence called the Manhattan distance
or taxicab norm.

Fig. 9(b) and (c) show the segmentation result of a part of the
“Tom and Jerry” image marked by a rectangle in Fig. 9(a). To per-
form well over a wide spectrum of user images, the segmentation

algorithm must be sufficiently robust. Therefore, the weight param-
eters and Minkowski distance in the dissimilarity function has been
intensively studied. Fig. 9(a) is the input image, and Fig. 9(b) and
(c) are the segmentation results of the image in rectangle using p
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Fig. 13. Voronoi diagram (a) with and (b) without the original image, and weighted Voronoi diagrams (c) with and (d) without the original image.
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ig. 14. Difference in the image quality caused by the number of ants on the input i
reated  employing 100 ants, and (c) image quality created employing 10 ants.

et to 4 and 8, respectively. Fig. 9(c) is punctuated by sharp corners
ompared to Fig. 9(b) which has a relatively smooth boundary.

Fig. 10 compares the segmentation results when the graph-
ased segmentation algorithm is used with the Minkowski distance
s the dissimilarity difference. In these segmentations, norm p was
et to 0.33 (Fig. 10(a)), 0.5 (Fig. 10(b)), 2 (Fig. 10(c)) and 4 (Fig. 10(d)),
espectively. As shown, the smooth boundaries and segmentation
ere obtained in Fig. 10(d) when using p = 4 in the Minkowski dis-

ance. However, experimenting with multiple instances shows that
he appropriate p value depends on the input image. An algorithm
o determine the best p values for different input images can be
tudied in the future.

As mentioned above, image segmentation is the first step of k-
LD. Therefore, the image segmentation has a great impact on the
-CLD quality. In the present study, the norm p was identified as a
seful control parameter for achieving high-quality segmentations

ith smooth boundaries.
; (a) the original image marked by a rectangle for Figs. (b) and (c), (b) image quality

3.2. Stippling

Despite the large amount of research on stippling methods,
Bosch and Herman’s grid-based algorithm [1] remains as one of the
most popular stippling methods. This algorithm resizes the target
image to a pixel map  with km rows and kn columns, where k is an
integer number. The pixel map  is then converted to grayscale for-
mat, and the target image is partitioned into m rows and n columns
of k × k square. Cities are randomly placed in each square, depend-
ing on the darkness value of the square. �ij is the mean grayscale
value of the pixels in square (i, j), where i and j denote the row and
column numbers, respectively. The average darkness gij of square
(i,j) varies from 0 (completely white) to � (completely black) and is
calculated as gij = � −

[��ij
256

]
. Here � denotes the maximum desired

number of pixels in a square. In Bosch and Herman’s implementa-

tion [1], gij is the actual number of pixels and the number of cities
in square (i,j).

The tone and texture of the images can be expressed in many
ways. Another stippling method is halftoning, which reproduces a
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Fig. 15. Screenshot of the k-CLD system interface.
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ig. 16. Differences in the image quality of different segmentation algorithms. (a) S
he  stipplings in (a); (c) stipplings segmented by the proposed algorithm and (d) k-

ontinuous-tone grayscale image by varying the sizes of tiny black

ots arranged in a regular pattern (i.e., halftone pattern) [23]. This
echnique has been used in the publishing industry and in printers.
imilar to halftoning, digital halftoning decomposes an image into

 grid of halftone cells. Digital halftone images are most commonly
ngs segmented by the k-means clustering algorithm and (b) k-CLD produced from
roduced from the stipplings in (c).

generated by dithering algorithms such as the ordered dithering [3]

and Floyd–Steinberg dithering [24] algorithms. The characteristic
of dithering algorithms is that these algorithms create an output
image containing as many dots as there are pixels in the input
image. In other words, dots of various diameters exist in all grid
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Fig. 17. Results of the proposed methodologies: (a) input imag

ocations of the image when halftoning is used. The number of dots
n each region is manipulated using a Voronoi diagram.

A Voronoi diagram is generated by choosing n randomly gener-
ted points (called generators) among points at all grid locations.
ach generator is then contained within a convex polygon (called

 Voronoi polygon), such that all points at grid locations within
 polygon are closer to its generator than to any other genera-
ors. The Voronoi diagram algorithm has linear time complexity
nd can be implemented in O (n log n) time. As the generators
n a Voronoi diagram are randomly distributed, they may  clump
ogether, leaving uneven voids or forming undesirable patterns.
herefore, this study adopts the weighted Voronoi diagram based
n the Centroidal Voronoi diagram, which ensures that the gen-
rators are well spaced. Fig. 11 shows the stippling results of
ifferent stippling methods. Fig. 11(a)–(c) were created using Bosch
nd Herman’s algorithm, the ordered dithering algorithm, and the
loyd–Steinberg dithering algorithm, respectively. Fig. 11(d) was
reated using the weighted Voronoi diagram algorithm which is
escribed in Fig. 12.

In the Centroidal Voronoi diagram, each generator lies exactly
n the mass centroid of its Voronoi polygon. This centrality is an
mportant characteristic of the Centroidal Voronoi diagram. The

ass centroid Ai of a Voronoi polygon Ri with probability density
(qi) is defined as

i =
∫

Ri
qi�(qi)dRi∫
�(qi)dRi

, (9)

Ri

whereqi =
(

xi, yi
)

is a pixel in the Voronoi polygon Ri, i.e., qiεRi,

nd xi and yi are the horizontal and vertical grid coordinates,
 segmentation result, (c) stippling result, and (d) k-CLD result.

respectively. The probability density � (qi) at pixel qi =
(

xi, yi
)

is
calculated as

� (qi) = wR ∗ R (qi) + wG ∗ G (qi) +wB ∗ B (qi)
255

(10)

which converts the input RGB values of the corresponding pixels
at a grayscale level. wR, wG, and wB are the weight parameters of
the R, G, and B values, respectively, here set to wR = 0.21, wG = 0.71,
and wB = 0.07 as recommended in the ITU-BT.709-6 standard [25].
Each pixel has a grayscale level value between 0 (white) and 255
(black).

We observed that in the stippling stage, the darker regions of
the image more naturally attract generators than brighter regions.
To improve the stippling result, we  adopted a new density function
�weight (qi) [19]. Given that 0 ≤ � (qi) ≤ 1 ranges from black to white,
the new density function is defined as

�weight (qi) = 1 − � (qi) , (11)

Note that the new probability density function �weight (qi)
assigns higher densities to black pixels rather than the white pixels.
The new mass centroid Ai is defined as

Aweight
i

=
∫

Ri
qi�weight(qi)dRi∫

Ri
�weight(qi)dRi

. (12)

Consequently, we modified Lloyd’s iterative algorithm [26] as
follows:

Fig. 13 displays non-weighted and weighted Voronoi diagrams

generated by the proposed algorithms in the developed soft-
ware. The number of generators was  500. Fig. 13(a) and (b)
show the Voronoi diagrams with and without the overlaying
original image, respectively. The corresponding weighted Voronoi
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ig. 18. Results of different algorithms: (a) input image, (b) a single CLD, (c) k-CLD by
lgorithm.

iagrams are presented in Fig. 13(c) and (d), respectively. It is
learly observed that the stippled dots in Fig. 13(d) are well
paced. The animation for the modified Lloyd’s iterative algorithm
hows how the generators and Voronoi polygons are updated
t http://prof.pusan.ac.kr/user/optimus/research/modified-lloyd-
terative-algorithm.html [27].

.3. Ant colony system for k-CLD

As mentioned above, the target image was partitioned into mul-
iple regions. Subsequently, the target image was  processed by the
eighted Voronoi diagram and then each region was stippled. The

tippled dots in each region were well spaced and must be con-
ected to build a single CLD. As these dots are analogous to cities in
SP, an effective and efficient TSP can be used to construct the CLD
or each region.

Considering that the algorithms can run on mobile phones in
uture and remain compatible with the rapid development of core
echnologies of modern microprocessors, we prioritized scalability
nd parallelism. Current implementation is developed on desktop
omputers with powerful multi-core microprocessors. In addition,
arious possible tradeoffs of the algorithm parameters (image qual-
ty, execution time of the application, and CPU usage) can be easily
ontrolled even by users who are do not understand the complex
lgorithms explained here. In this study, TSP in each region of the
mages was solved by an ant colony system algorithm. There exist
 good number of variants of ant colony optimization algorithms
ncluding ant system [28], min-max ant system [29], and rank-
ased ant system [28]. The ant colony system (ACS) algorithm is one
f the well-known metaheuristic methods for TSPs [30]. The param-
gmentation using the k-means clustering algorithm, and (d) k-CLD by the proposed

eters in this algorithm can be controlled by users in various ways,
and the independent ants are amenable to parallelism on various
multi-core microprocessors in future research and applications. In
our intensive experiments, ACS appears to find good solutions to
variously shaped stippled drawings with a reasonable runtime.

Being a distributed algorithm, ACS can be easily applied to TSPs.
In ACS, good TSP solutions are found by a set of cooperating agents
called ants. Ants cooperate by depositing a pheromone at the edges
of the TSP graph while building solutions. This pheromone provides
an indirect communication channel for the cooperating ants [31].

Let n denote the number of ants cooperating to draw a CLD.
Initially, the pheromone is deposited over all possible paths con-
necting the stippled dots. Each ant then builds a feasible solution by
choosing the next cities to visit, excluding the already-visited cities
under pseudorandom proportional rules. The probability that ant k
visits dot j from current dot i can be expressed as follows:

pk
ij =

⎧⎨
⎩

�ij
��ij

ˇ∑
cil ∈ Nk

i
�il

��il
ˇ

if cil ∈ Nk
i
, �ij = 1

dij
,

0 otherwise

(13)

where dij is the Euclidean distance between dots i and j, Nk
i

is
the not-visited-yet neighborhood of ant k at current dot i, and
the parameters � and  ̌ specify the relative importance of the
pheromone vs. the inverse of distance.{

arg maxl ∈ Nk

{
�il�

ˇ
il

}
, if q ≤ q0
j =
J, otherwise

. (14)

Here, �il is the pheromone and q is a random variable uniformly
distributed over [0,1] and �il is the inverse of the Euclidean distance
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Fig. 19. (a) Input image, (b) segmentation

etween dots i and l and q0 ∈ [0, 1] is the threshold parameter. J is
 random variable selected according to the probability distribution
k
ij
, which favors edges that are shorter and have a higher level of

heromone trail:
When an ant traverses an edge, it updates the amount of

heromone on that edge according to the local-pheromone update
ule:

ij =
(

1 − �
)

�ij + ��0, (15)

here � ∈ [0, 1] is a parameter and �0 is the initial value of the
heromone.

During this iteration, all ants complete their tasks by produc-
ng their own feasible solutions. The second pheromone update is
overned by offline-pheromone update rules.

�ij =
{

(1 − ϕ)�ij + ϕ	�ij if (i, j) belongs to the best tour

0 otherwise ,
(16)

here ϕ ∈ (0, 1) is the pheromone decay coefficient. Here,
�ij = 1/Lbest, where Lbest is the tour length of the best-performing

nt.
The implemented ACS algorithm considers the pheromone
trengths (equivalent to memory) and short edges (equivalent to
isibility).

In this study, the number of cities varies by region. The desired
umber of ants can be decided from the quality of the output image
, (c) stippling result, and (d) k-CLD result.

and the capability and runtime of the computing system. Fig. 14
shows the difference in the image quality caused by the number
of ants on the input images. Fig. 14(b) and (c) only show the part
of the target image under conversion, which is represented as a
rectangular area on the bottom of the target. Within 3 min  of soft-
ware execution, Fig. 14(b) and (c) are obtained employing 100 ants
and 10 ants. The software tool has control over maintaining the
number of ants and the execution time. The users should be able
to compromise the image quality with the process parameters. For
computational experiments in this study, the parameters are set as
follows; � = 1,  ̌ = 2,q0 = 0.9, � = 0.5, ϕ = 0.5 and the total number of
ant is 30.

4. Computational results

The proposed software is planned for implementation on var-
ious computing platforms including mobile phones, as mobile
devices are gaining popularity and produce an enormous number of
images. Therefore, such devices are a potentially strong market for
artistic software. However, to demonstrate the effectiveness and
utility of the proposed methodologies, we developed the current
version on a desktop computer. Visual Studio 2013, and C + + has

been used to implement the proposed on a desktop PC with an
Intel(R) Core(TM) i7-4792 CPU@3.6 GHz and 16 GB memory and a
Windows 10 Pro system. Fig. 15 is a screenshot of the developed
software, which has an intuitive graphical user interface. Efforts
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o improve the user interface and design for mobile devices are in
rogress.

To demonstrate the excellence of the proposed methodologies
n their current implementation, Fig. 16 shows a computational
omparison for two different algorithms to partition the stipplings.
ig. 16(a) and (b) show the stippled regions in the target image
fter segmentation by k-means clustering [32] and the k-CLD pro-
uced from these stipplings, respectively. Fig. 16(c) and (d) show
he stippled regions in the target image after segmentation by
he proposed methodologies and the k-CLD produced from these
tipplings, respectively. For comparison purposes, the stipplings in
ig. 16(a) and (c) each have 27 clusters.

Fig. 17 visually compares the target image and images processed
y the proposed methodologies. Figs. 17(a)–(d) display the input
arget image, segmentation result, stipplings in each segmented
egion, the final k-CLD result, respectively.

To illustrate the contributions of the proposed algorithm com-
aratively, the results of various algorithms are presented in Fig. 18.
iven Fig. 18(a) as the input image, Fig. 18(b) is generated by

he single CLD algorithm without the segmentation and stipplings
sing the weighted Voronoi diagram. In Fig. 18(c), k-means clus-
ering algorithm has been employed for the segmentation, instead
f the proposed segmentation algorithm. Fig. 18(d) is the result of
he proposed algorithm including the segmentation, stippling, and
SP-solving. The assessment of the image quality can be subjective
atters for the humans but it is demonstrated that the proposed

lgorithm can generate interesting results.
Another example is given in the following Fig. 19(a) shows the

nput image, which is segmented in Fig. 19(b). Then, it was stippled
s shown in Fig. 19(c). Finally, the k-CLD has been given in Fig. 19(d),
hich shows the effectiveness of the proposed methodologies.

. Conclusion

In this study, we have investigated whether mathematical and
omputational intelligence can be linked with artistic activities. To
his end, we proposed a new artistic drawing technique, based on
LD, in which the artist can complete his sketch without lifting his
en from the paper. This technique is mainly applicable to black-
nd-white images. However, colored images from various mobile
evices are gaining popularity, and mobile phone users might be

nterested in applying this new type of drawing, which is similar
o CLD, to colored images captured by the cameras on their mobile
evices.

The k-CLD methodologies proposed in this study are imple-
ented on a desktop PC and are expected to solve three main

hallenges for obtaining high-quality k-CLD.
The k-CLD methodologies are proposed and described in this

tudy. The first step is to condense the input image by segment-
ng it into multiple regions. Here Cj ⊂ S is a segmented region and

 = (C1, C2 · · · Cr). The segmentation is performed by an effective
raph-based image segmentation algorithm. Each region is then
rocessed by the weighted Voronoi diagram algorithm, which stip-
les the input image into small dots P = (p1, p2 · · · pr), where pj is a set
f stipplings in region Cj. An arbitrary region pj ⊆ P contains a set of
tipplings, i.e., pj = (v1, v2 · · · vm), where each vi is a small dot belong-
ng to pj. In TSP, each vi is considered as a city. Economical tours
mong the cities of each region are obtained by the ACS algorithm.
inally, the small dots in the optimized tour of each region are con-
ected to produce the k-CLD. The k-CLD is rendered in different
olors for each region.
As a concluding comment, we wish to share our experience
n conducting this study. Motivated by the possible link between
he soft computing and the art, we conducted this research while
onsidering the potential users and what is publicly popular. To

[

puting 68 (2018) 932–943 943

avoid duplication of previous work, we conducted an extensive
online search of existing studies. The problem was then divided
into smaller problems, each of which was studied individually to
obtain more effective and efficient solutions. Many developmen-
tal and computational efforts were invested in extending existing
algorithms to solve the new problem.
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